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Abstract 

We track the gauge symmetry factorizability by boundary conditions on intervals of any di- 
mensions. With Dirichlet-Neumann boundary conditions, the Kaluza-Klein decomposition in five- 
dimension for arbitrary gauge group can always be factorized into that for separate subsets of 
at most two gauge symmetries, and so is completely solvable. Accordingly, we formulate a limit 
theorem on gauge symmetry factorizability by boundary conditions to recapitulate this remarkable 
feature of the five-dimension case. In higher-dimensional space-time, an interesting chained-mixing 
of gauge symmetries by Dirichlet-Neumann boundary conditions is explicitly constructed. The sys- 
tematic decomposition picture obtained in this work constitutes the initial step towards determining 
the general symmetry breaking scheme by boundary conditions. 
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I. INTRODUCTION 



One of the most beautiful piece that lies in the core of particle interaction standard model 
(SM) and elsewhere in condense matter physics is the concept of spontaneous symmetry 
breaking (SSB). In particle physics, this so-called Higgs mechanism is capable of generating 
masses for gauge bosons (i.e. breaking the corresponding gauge symmetries) and fermions 
in such a way that renormalizability and unitarity can be preserved. However, through 
extensive experimental search to date, the Higgs bosons which are the mechanism's most 
direct proponent have not been observed. In an interesting alternative approach with the 
presence of compact extra spatial dimensions 1], it is known that some gauge bosons of 
choice may or may not have massless mode in Kaluza-Klein (KK) decomposition, depending 
on their assigned boundary conditions (BC) and/or transformation properties under certain 
complementary discrete symmetries Q|. To be specific for later referencing, let us list here 
all three possible Dirichlet-Neumann BC configurations for a gauge field A living on an one 
dimensional line segment < y < nR. All of these BCs can be constructed by some simple 
orbifold projection. 

D-D configuration: A{y)\ Q = A{y)U = A(y) = ]T A™ sin ^ 

meiv 

D-N configuration: A(y)\ = d y A(y)U = A(y) = £ A™ sin ( 2m + 1 ^ (i) 

^ i\ t Ait 

N-N configuration: d y A(y)\ = d y A{y)\„ R = A{y) = £ A (m) cos ^ 

Evidently, only in the N-N configuration, gauge field possesses a non-trivial massless (m = 0) 
mode. In other words, gauge symmetry is preserved still only for boundary conditions at both 
end-points being of Neumann type. This so-called orbifold projection symmetry breaking 
(see e.g. j^]) has distinctive nature originated truly from boundary effects Q], that cannot be 
identified with the Higgs mechanism through the spontaneous breaking of background gauge 
field Wilson line. But again in this orbifold compactification approach, up to the possible 
absence of the zero mode, mass spectra of all gauge boson towers are identical, which makes 
it difficult to implement the SU(2) L x U(l)y — * U(1)qed electroweak breaking/mixing 
without re-introducing the Higgs below compactification scale. 

To circumvent this obstacle, more general boundary conditions have been proposed for 
linear combinations of gauge fields rather than for only single ones j^J (earlier models using 
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extra dimensional BCs to break the gauge symmetries, with or without traditionally full 
set of Higgs bosons, are described in p, |g|). As such, the corresponding compactification 
procedure generally grows out of the framework restricted by orbifold projections 2J| , 
i.e. one is actually working with interval compactification. Since BCs are imposed on 
gauge fields' linear combinations, it is plausible that symmetry breaking/preserving indeed 
can be obtained for mixtures of initial gauge groups. Then immediately come important 
queries on the systematic/exact connection, if such ever exists, between pattern of symmetry 
breaking/mixing and the BCs being employed. This kind of information is relevant, because 
after all, we definitely want to identify those BCs that can produce the desired symmetry 
mixings given beforehand. In the case of the Higgs SSB mechanism, it is the Goldstone 
theorem that can tell all about symmetry breaking pattern once the scalar field's vacuum 
expectation value (VEV) configuration is picked. With that in mind, in this work we attempt 
to explore a similar connection between the gauge symmetry mixing on one- dimensional flat 
intervals and the boundary conditions applied on their ends. The investigation could be 
eventually generalized for larger number of extra dimensions and higher symmetry group 
ranks. 

To have a taste of what specifically are going to be addressed later on, we first briefly 
review the original Higgsless symmetry breakin g S U[2)l x SU(2)r x U(1)b-l —> U(1)qed 

111 ] (see also f7|). As far as the break- 



on a fifth-dimensional interval < y < nR 

ay 

ing/mixing is concerned, already, this set-up is rich and equally mysterious, so it can serve 
as the debut of the current discussion. After the following Dirichlet and Neumann BCs (2^ 
on some combinations of gauge bosons A]^ 2,3 (of SU(2)l, coupling g), A^ 2,3 (of SU(2)r, 
coupling g) and B (of U{1)b-l, coupling g') are imposed for neutral sector 



at y — < 



dyBp 











dyAl 







at y = 71R < 



A-Rfj, 



d y (gB fl + g'A^) = (2) 



g'B„-gA 3 Rlx = 



3 



and for charged sector 



a K {A% l + A% l ) = 



at y = < 



r) A 2 








at y = irR < 



A 1 



A 2 — A 2 








(3) 



Ar^ 








the solutions are found to be (up to normalization factors) 



x 



B,(x, y) = g 7 ,(x) + </£~ =1 cos (g + f )Z^\ 
A^y) ee = g%(x) -gTSLi cos (±f + *)ZJN. 

4l 3 (z,Z/) = 



;r 



Ljj, 



Ru 



V2 



^E^isin(|| + f)zM(x) 



(4) 



A' 



(where tan = ^fg 2 ^ 1 ^/ 2 / g) 



At'^x, y) = = E~=i cos (M + |)^H(,) 



'(z,2/) = 



V2 
1,2_ A 1,2 
Am 



E^sin^ + f)^ 



,2(m). 



(5) 



> n»/ — ^ 

Beyond the obvious fact that the solutions (jlj), (0) satisfy the BCs (J2J), (jSJ), it is tempting 
to gain more insights from this construction. 

How comes only the intended U{1)qed (of massless photon 7 M (x)) is kept unbroken 
globally along the entire interval, following the different breakings SU{2)i x SU(2)r x 
U{l) B „ L -> SU(2) D x U(1) B - L and S17(2) £ X 5C/(2)« x U(1) B . L -> Slf (2) L x C/(l) y made 
at y = and y = 7ri? respectively. This is because, as indicated in the combination 
of (j2J allows uniquely a U(l) gauge field to have Neumann BC at both end-points. A 
further question then is whether it is possible to track the symmetries that might be left 
unbroken/broken locally at any given point y 7^ 0,ttR in the bulk, for the eventual sake 
of model building with brane-localized matter fields. Next, looking at the neutral sector 
alone, one begins with three gauge degrees of freedom (A L (x, y), A R (x, y), B(x, y j) in 5-dim, 
nevertheless it appears that one ends up with only one Kaluza-Klein (KK) tower ({Z^ k \x)}) 
and eventually two different mass spectra in 4-dim, and a similar observation can be made 
for charged sector. This is seemingly because, as expected from differential equation theory, 
the BCs (J2J) (or (p5J)) render the ansatz that gives the mixed solutions and may constrain 
the number of free parameters in them. A further question then is how effectively BCs 
can be used to limit the number of 4-dim field towers, for the eventual sake of symmetry 
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group rank reduction as in some classes of grand unified theory (GUT) breaking. Next, we 
also see from (0J), (jSJ that the numbers of Neumann (and Dirichlet) BCs are equal on two 
ends of the interval, but these quantities do not represent the number of unbroken (and 
broken) gauges as naively expected form Eqs. This is because, as mentioned above, the 
BCs induce a mixing between initial group's gauge fields, and what might matter for the 
KK decomposability is perhaps the equality of BCs' total number (N + D) on end-points. 
A further question then is how the mixing/breaking forms if, say, there are D Dirichlet, N 
Neumann BCs at y = 0, and D', N' ones at y = ttR with a single constraint D+N = D' + N', 
for the eventual sake of generalizing the construction. 

In this paper we seek to answer these and discuss some other general questions on flat 
interval compactification with arbitrary gauge group and viable boundary conditions beyond 
Dirichlet and Neumann types. The recipe being exclusively used here to track the broken 
symmetry is to find out the gauge sector KK spectra under the given BCs, and identify 



their possible massless modes. In section III A| we reconstruct in details the solutions p}, 
dSJ using geometrical arguments. Essentially, each solution of a definite topological (KK) 
number can be regarded as a map between two boundary sets of constant fields. In this 
view, we cannot only track how the symmetry breaking propagates in the bulk, but also 
show that the expressions (HJ), (J5J) are not yet the most general solutions obeying the BCs 
(J2J), ©• Rather, photon and Z-boson can have different KK towers (this observation has 
been also made in ^j|). In section Hi B[ we consider any large set of gauge fields living in a 
fifth dimensional interval, which obey any Dirichlet-Neumann BC configurations. It is shown 
that the general gauge space can always be factorized, by virtue of Dirichlet-Neumann BC, 
into mutually orthogonal subspaces of no more than two dimensions each. Surprisingly, in 
this way, the initial general set-up is broken into smaller ones, which are solvable and indeed 
not more complicated than the original Higgsless set-up described above. In section HTT1 we 
analyze the orthogonality between massive gauge field modes as well as the compatibility 
between D-N BCs and variational principle of action. This is important for the construction 
of 4-dim effective Lagrangian and the phenomenologies that follow it, such as pertubative 
unitarity in gauge bosons scattering Although a priori the fore-mentioned orthogonality 
is not apparent for system with mixed symmetry breaking under consideration, a posteriori 
both orthogonality and normalization of KK towers that survive in 4-dim are particularly 
transparent and simple. In section IIVI we give an explicit and systematic construction of 
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gauge symmetry decomposition in higher dimension, which reveals an interesting and strict 
"chained entanglement" from one symmetry to the other by BCs. The possibility to non- 
trivially mix up to 2 d gauge symmetries in d extra dimensions is also demonstrated. In 
section |3 we summarize the main results with some outlooks, and finally in the Appendix A 
we prove a lemma on matrix factorizability, which is the basis for gauge space factorization 
presented in section ITTBl 

Throughout the presentation, we repeatedly invoke simple geometric interpreta- 
tion/visualization to support our arguments. This approach is particularly suited for the flat 
space considered here. The method also appears very helpful for warped space investigation. 



II. GAUGE SYMMETRY BREAKING ALONG AN 1-DIM INTERVAL 

In this section, we will consider a pure gauge set-up in 4 + 1 space-time. The fifth 
dimension is finite, and the respective coordinate y runs from to ttR. 



A. Propagation of symmetry breaking 

Before tackling the original Higgsless model described in the introduction section, let us 
work out first an apparently simpler problem with just two gauge degrees of freedom N(x, y), 
D(x, y). It turns out that this is all we practically need for the solution of the gauge multi- 
dimensional problem, as long as the Dirichlet-Neumann BCs are being employed. The action 
of this set-up is 

S= ]T fd A x r R dy(-\F^F A ^-l(d,A 5 -d 5 A^A 5 -d 5 A^ + ... + £ GF ) 

A=N,D J ' 

(6) 

where F A V = d^A v — d^A u is the linearized field tensors, while the dots represent possi- 
ble triple and quartic interactions for non-Abelian groups. As in gauge theory in 5-dim 
space-time, the 4-dim covariant gauge fixing term Cqf = ^(d^A^ — £d 5 A 5 ) 2 is chosen to 
render the cancellation of bilinear mixing between A^ and A$. However, for the interval 
compactification, such cancellation is only up to a non-trivial surface term 

j o dy [~-F A F A ^ + -(d,A, - Cd 5 A 5 )(d^ - ^ 5 A 5 )J D (d^)A 5 (7) 
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which is not necessarily always zero for any A§ configuration. Nevertheless, in unitary gauge 
£ — > oo the derivative <9sv4 5 in £gf tends to zero, i.e. A 5 may have only massless mode. 
We further can choose either Dirichlet-Dirichlet or Dirichlet-Neumann BC configurations 
(JTJ) for A 5 to suppress this zero mode. Thus in the case of 5-dim space-time, we can make 
all gauge field fifth components disappear by choice of gauge and BCs, and also eliminate 
the residual surface term (|7|). A more careful consideration |l2| shows that in the unitary 
gauge, all non-zero KK modes indeed are "eaten" by longitudinal modes of massive 
bosons A^™\ Thus hereafter, we can take A 5 = identically. 

We impose the following BCs on different set of gauge fields {iV, D} at y = and {N', D'} 
at y = ttR (with < < n) 

d y N,(x,y)\ y=0 = d y N'^x,y)\ y=7TR = 1 ^ 1 ■ - ■■ • ^ / 

where 





D^(x,y)\ y=0 = D'^(x,y)\ y=7TR = 

Obeying the linearized motion equations derived from the action all gauge fields can be 
expressed in term of combination of trigonometric functions. Further, the BCs (JHJ allow us 
to look for N, D in the form: N(x, y) = N(x) cos My, D(x, y) = D(x) sin My. Then from 
the rewritten BCs on N', D' at y = ttR 

dyNfa, y)\ y =nR = -M [N^{x) cos sin (MnR) + D^x) sin cos (MnR)] = 

(9) 

D (x, y)\ y=nR = Nn(x) sin cos (MttR) + D^(x) cos sin (MnR) = 

one finds 

TYl (f) 

N(x) = ±D(x) and tan MttR = =f tan => M = — =f -- (m G Z) (10) 

R 7iR 

There seem to be two mass spectra corresponding to two different signs in Eq. (jlUJI. However, 
as the integer m runs from minus to plus infinity, the two spectra can be merged into one 
(i.e. |M_ | = \m\_ m ^|), which allows to write the general solution of fields in the following 



form 



y 



N(x, y) = Emez (x) cos (f + ±) 
D(x, y) = E me z ~N^(x) sin (f + ^) y 
N'(x,y) = E m ezN( m \x)cos((% + ^ i )y- ( j ) ) 



D'(x, y) = Em^z -N(™\x) sin ((f + ±)y - 
Indeed the BCs generate a relation ()10|) between the coefficients N(x), D(x), and thus 
produce only a "single" independent KK tower of gauge boson in 4-dim. However, for 



general 0, this tower (with m G Z) has twice as many 4-dim modes as does the tower (with 
m G N) given in Eq. ([T} for = or | j^l . So properly speaking, the single tower 
{N^ m \x)} in Eq. PJ will be referred to as an extended tower hereafter. We choose to 
adopt this notation to simplify the writing and to eliminate the possible ambiguity over the 
double sign ± in (110(1 . We note that the lowest mass depends on 0: it is ^ (or m = 0) 
for < < |, and (or m = —1) for 7r > > ~. Finally, when = or |, we have 
(TV ~ A?"'; D ~ D') or (A 7 " ~ D ~ A"') respectively, i.e. A" decouples from .D and each 
forms an independent 1-dim system with known BCs at both end-points given in (jlj). The 
gauge symmetry associated with A" is unbroken. 

This solution may be seen better geometrically. First, the definition (jSJ) of the set {AT', £)'} 
implies that it is rotated from the orthogonal set {A^, D} 27] by an angle 0, while the latter 
satisfying Dirichlet-Neumann BCs can be conveniently cast in the form 



N(x) 




(12) 



N(x,y) j / cos My —sin My 
,D(x,y) J I sin My cos My J y 

Because this describes a 0(2)-rotation, it is also suggestive to pretend that, in term of value, 
the set {N(x, y),D(x,y)} in turn is rotated from its original {A^(x),0} (at y — 0) by the 
angle My as it propagates in the bulk. Next, the BCs (|5|) essentially signal that, again in 
term of values, {A^ ; , D'} at y = irR, up to a sign, should be identical to {A^, D} at y — 0, 
which can be met when two above rotations precisely cancel one another. In expression, this 
is (see also Figs. ©, ©), 

for clockwise rotation: MnR = + ran (m G Z) 

(13) 

for counter-clockwise rotation: MttR = —0 + rrnr (m G Z) 

Clearly, KK mode number m is none other than the number of (half-)revolutions that the 
map from {N(x, y), D(x, y)} at y = to {N'(x, y), D'(x, y)} at y = ttR wraps around, 
whether clockwise or counter-clockwise. Each value of m presents a solution for which the 
given BCs hold. But we again note that a rotation of m (half-)revolutions clockwise is 
equivalent to that of — m ones counter-clockwise, so indeed the two spectra in (|13|) are the 
same. Hence the complete solution (jllj) consists of only a single (extended) KK towers 
{A^ m )(x)} of 4-dim gauge fields. This geometrical construction further might shed light into 
the pattern of symmetry breaking/mixing at any point in the bulk. If we could limit the 
consideration to a particular solution (m fixed), it then follows from Eq. (|T2~j) that, in gauge 
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N 




y=0 7iR 



FIG. 1: Clockwise mapping {N, D} at y = to {N' , D'} at y = irR. The thick dashed line shows 
the bulk trajectory of Neumann direction in gauge symmetry space of some specific mode with 
map's winding number m. 



N 




y=0 7tR 



FIG. 2: Counter-clockwise mapping {N, D} at y = to {N 1 , D'} at y = ttR. The thick dashed line 
shows the bulk trajectory of Neumann direction in gauge symmetry space of some specific mode 
with map's winding number m. 

space, the locally preserved symmetry direction (with vanishing field derivative) at point 
y would make an angle My with respect to vector field N, while the completely broken 
symmetry direction (with vanishing field) would make an angle My + |. Accordingly, if 
zero mode (M = 0) exists, then in that mode the locally preserved symmetry direction is 
unchanged (My = 0) for all y, i.e. that well-defined symmetry can be said to be unbroken 
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FIG. 3: Two 2-dim Neumann planes (denned at y = and y = ttR respectively) intersect in 
gauge symmetry space along a 1-dim line, which is the U(1)qed unbroken symmetry direction 
with massless photon 7. 

throughout the bulk. This observation is in line with the effective 4-dim picture (where the 
fifth coordinate is integrated out leaving no mass term for zero mode), because zero mode 
wave function is constant on the entire interval. In either descriptions, the KK zero mode 
always is a reliable indicator of the associated preserved symmetry. However, because these 
rotation angles change with general m, when the comprehensive solution (summed over all 
m) (|TT|) is undertaken in an intact 5-dim view, no where in the bulk a fixed direction can 
represent either locally preserved or completely broken symmetry, with the exception of two 
end-points. 

We are now ready to embark on the original Higgsless configuration. The neutral sector 
{A 3 l, A 3 r, B} presents a 3-dim gauge space, with 1-2 (Dirichlet-Neumann) BCs on each 
ends. Since both Neumann and Dirichlet BCs are closed under additivity, at either end- 
points, we can have non-intersecting Dirichlet and Neumann subspaces, each contains only 
gauge fields satisfying the respective BC. In the Higgsless 3-dim neutral gauge space (j2j), 
the 2-dim Neumann subspace {B, L ^ R } at y = and the other 2-dim Neumann subspace 

{A\, 9B , +g Ar } at y = iiR generally share one co-dimension, just exactly as two 2-dim planes 

yg 2 +g' 2 

intersect along a 1-dim line in 3-dim space (Fig. EJ). That is, there exists one gauge vector 
field satisfying the Neumann BC at both end-points, i.e. by virtue of (0), the associated 
U(1)qed gauge symmetry is unbroken throughout the interval. It is straightforward to 
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FIG. 4: Relative orientation of gauge fields at y = and y = ttR. 



obtain this preserved symmetry direction 7, and then the orthogonal-to-it remaining 1-1 
(Dirichlet-Neumann) spaces at end-points (Fig. Hj). Note also that we generally cannot 
further factorize these residual 2-dim spaces, because the co-dimension of their constituent 
Dirichlet (or Neumann) subspaces, one at y = and the other at y = ttR, is zero, just 
exactly as two 1-dim lines intersect at a dimensionless point in 2-dim plane. 



at y — < 



dyN^\y =0 



D 



H\y=0 



g'(A 3L +A 3R )+gB 
q. jy = g(A 3£ +A 3ii )~2g / B 



^j/7m 1 2/= 



at y — ttR < 



F) N 1 1 



0; D 

0; 7 = 

= 0; iV' e 



g'(^3L+^3fl)+g^ 

E (g 2 +g /2 )A 3 L-3 ,2 ^3fl-gg , -B 
V / (f 2 +9' 2 )(f 2 +2ff' 2 ) 



(14) 



y=irR 



Q. £)/ = 9A S R-g'B 



\fg 2 +g 12 



Both {7, iV, Z}} and {7, iV', £)'} sets are explicitly orthonormal, however {iV', £)'} is rotated 
from {N, D} by an angle (see Fig. HJand Eq. (JHJ)). 

/ 

u ; . „ ,, ,0 / /v \ ./ n 2xw2 

(15) 




yVW 2 ^ / 

y/ 2g 2 +2g' 2 yj2g 2 +2g- 

Vg 2 +2g' 2 g 




tan 1 



\ 1 /2 9 2 +2 9 '2 VV+29' 2 / 

The solutions of the "decoupled" j(x,y) and the "entangled" pair {iV, D} now are readily 
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given in (JTJ and (fTT|) 

7 (x, y ) = 7 (0) (x) + E m ^o cos ^f 7 (m) (*) 

N(x, y) = Emez ^ (m) (*) cos (f + ^) y (16) 
£>(x,y) = E me z -Z^\x) sin (f + ^) y 

where is given in Eq. (|15jl and we have changed the notation from iV(:r) in (|TT| to ^(x) 
in (fTKJ) to facilitate the comparison with the earlier Higgsless solution. From (|TT)j) one can 
obtain {B, A3L, A^^} (again up to normalization factors) after using the definitions in ()14j) 

B,(x, y) = 91 f{x) + g £ 7 M(s) cos ^-g'Yl ZjT\x) cos (^ + ^)y 

m=l ^ meZ ^7 

Al 3 (x,y) - flM = ^i 0) (x) + E ^'cos^rw (it) 

V2 m =l K 



+^E^ m) (x)cos ^ 



i? 7T.R 



(18) 



where is given in (|15|) . For the charged sector {A^, A^, A^}, we first split it into two 
separate subspaces generated respectively by {A^, A$} and {A^, A^}. Each of these 2D 
subspaces is just the familiar case of 1-1 Dirichlet-Neumann BCs (JEJ) with = |, so their 
solutions follow immediately from (jllj) 

A^ 2 (x, y) = = E m ez W^\x) cos (f + ± 

V' 2 (x, y) = = E me z ^' 2(m) (x) sin (f + JL) y 

The expressions (fTTjl . (fTH|) are more general than (J3J), © obtained first in jj| j3| , because 
here photon 7^) (a;) generally belongs to a distinctive (factorized) KK tower {^^(x)} of 
distinctive mass spectra The mass of Z-boson zero mode is always lighter than 

of photon's first excited state. Thus the presence of photon KK tower does not spoil the 
ability to mimic the SM spectrum of this original Higgsless model found in jj] at low energy 
scale. It needs, however, be taken into account in the processes involving real or virtual 
massive gauge bosons, for e.g., to check the model's unitarity. Further, we present (fT7jl. 
()18|) in the single-spectrum form at the price of letting m have both negative and positive 
integral values. 
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We have just seen that, indeed the BCs can reduce half of the number of independent 
4-dim gauge field towers 29| in a simple set of two "entangled" gauge symmetries {N, D}. 
We next will explore this ability of Dirichlet-Neumann BCs, which are imposed again on the 
fifth interval's two ends, but for arbitrary number of gauge symmetries. 



B. Factorizability for arbitrary gauge dimensions 

In this section, let us assume that, at y — 0, there be D and N gauge fields obeying 
the Dirichlet and Neumann BCs respectively. At y — tcR, let those quantities be D' and 
N'. These gauge fields may represent Abelian (like B(x,y)) or non-Abelian (like A\ R ) 
symmetries. As we are interested in obtaining the KK decomposition of these fields, we just 
work first with the linearized motion equations jj^j]. Therefore, within the stated purpose, 
there is no difference between Abelian and non-Abelian treatment. We also suppose that 
each of {N + D} and {iV' + D'} be an orthonormal set of gauge vectors, just as naturally 
as we are working with gauge eigenstates that appear in the initial 5-dim Lagrangian. The 
original Higgsless set-up obviously belongs to this class of construction. Finally, above BCs 
are perceived to act on four usual gauge field components, since in the 4 + 1 space-time, the 
fifth components can be made identically vanished by appropriate gauge's choice and BCs 
on them. 

In the case D + N ^ D' + N', after eventual basis transformations, there will be fields 
with BCs being specified whether at only one of two end-points or more than once at a same 
end-point. The former situation generally leads to a non-quantized spectrum because of 
insufficient BCs, while the latter could lead to no spectrum at all because of redundant (and 
conflicting) BCs. In this work we will not pursue either of these directions, though some 
particular BCs might be carefully selected to evade these shortcomings in the construction 
of standard KK decomposition. 

In the remaining case D + N = D' + N', we take, without loss of general- 
ity, D > N,N'. We can always assume further that each of the following pairs 
({N},{N'}), ({N}, {£>'}), ({N'},{D}) are non-intersecting, i.e. codim({N}, {N 1 }) = 
codim({N}, {D'}) = codim({N'}, {D}) = j^jl, because if these are not zero, we can 
find (and solve) a number of gauge fields, each has one of three BCs configurations listed 
in Eq. (JTJ). After we decouple these "solvable" fields from the set-up (just as we decouple 
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U(1)qed gauge field from the Higgsless neutral sector in previous section), we are left with 
only non-intersecting gauge boson sets. However, these sets are not necessarily mutually 
orthogonal in general (just as {N, D} and {N', D'} in Eq. (jSJ) generally make an angle 

We first create the union space ({iV} U {N'}), which has N + N' dimensions, since 
codim({N} , {A/ 7 }) = 0. Next, we construct the space {D — N'} of dimension D — N' that 
complements ({AT} U {N'}) in the entire gauge space, i.e. 

{D - N'} U ({N} U {N'}) = {D + N} 

Moreover, this complementary space {D — N'} can always be built in such a way that it is 
mutually orthogonal to both {iV} and {A/ 7 }, that is any vector in {D — iV'} is orthogonal 
to all vectors in {N} and {N'}, and vice versa. 

As such, {D — N'} necessarily is a subspace of {D}, because by construction, {D} is the 
largest space that is mutually orthogonal to {A^} in the entire gauge space being spanned 
by the orthonormal set {A" + D}. Similarly, {D — N'} also necessarily forms a subspace of 
{D'}, which implies 

{D — N'} C ({D} fl {D'}) 

In other words, each of D — N' gauge fields that generate the space {D — N'} has Dirichlet 
BC at both y = (because it belongs to {D}) and y = nR (because it belongs to {D'}). 
The KK decomposition of these D — N' fields is given in (|T|h according to which all D — N' 
associated symmetries are broken, and on the way we obtain D — N' independent gauge 
boson massive KK towers in 4-dim of identical mass spectrum {^} (with integer m > 0). 

But this is not the end of the "decoupling" process. We are currently left with A^ + 
N' gauge symmetries, among them N' and A^ orthonormal fields satisfy respectively the 
Dirichlet and Neumann BCs at y = 0. At y — ttR those numbers are A^ (for Dirichlet's) 
and N' (for Neumann's). For clarity, let us denote the corresponding spaces generated by 
these gauge vector sets as {N' D0 }, {N N0 }, {N DnR } and {A^^}, where the subscripts are 
informative about the type and position of BCs, while the main capital letters are about the 
number of fields as always. Again, without loss of generality we take N' > N and repeat 
the above steps to further identify and isolate the "decoupled" sectors. We construct the 
space {N f — N} of N' — N dimensions that complements the union space {{N N fi}U{N DtnR }) 
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of 2N dimensions (because codim({ Nn,o}, {Nd,wr}) — 0) in the (now) entire gauge space 
{N + N'}, i.e. 

{N' - N} U ({N Nt0 } U {N D ^ R }) = {N + N'} 

Since {N' — A^} are chosen to be mutually orthogonal to both {Ajv.o} and {Nd^r}, it 
must be a subspace of the intersection ({N' DQ } R {N' NnR }). These N' — N fields then have 
Dirichlet BC at y = and Neumann's at y = ttR. In the result all the N' — N associated 
gauge symmetries are necessarily broken. Their KK decomposition (0) consists of N' — N 
independent massive gauge boson towers in 4-dim of identical mass spectrum 2 ™ R ■ 

At this point, after two successive (but similar) reduction processes, there are still 2N 
"coupled" gauge symmetries by the following BCs distribution (in the above notation): 
{Ad,o}> {N n , }, {N DtnR } and {N N>7rR }. Each of {{N Dfi }U{N N , }) and ({N D>nR }U{N N>nR }) 
forms an orthonormal basis of the (now) entire 2A^-dim gauge space and so one is neces- 
sarily related to the other by some general orthogonal "BC-defining" matrix 0(2N) (i.e. 
the matrix given in the BCs definition like Eq. (jHJ)). In practice, knowing fields on which 
BCs are imposed (e.g. Eq. (J5J) we can determine the BC-defining matrix (e.g. Eq. (|15p). 
Repeating the same simple argument once more likely would not help to advance the sym- 
metry "disentanglement", if there ever is such possibility for the 2A^-dim space at hands. 
There exists, however, a convincing clue that indeed this gauge space is subject to further 
"disentanglement". Because fields obeying Dirichlet (or Neumann) BCs form a closed set 
under their linear combination transformations, along the decoupling process, we have the 
freedom to perform four independent O(N) rotations separately on the sets {A^q}, {A^o}, 
{Nd,wr} and {A^ttJ?}- This implies that, among the 2Ar ( 2 ^ f ~ 1 ) parameters of the initial 
BC-defining matrix 0(2N), we can eliminate 4 Af ( J ^~ 1 ) ones by four 0(N) basis transfor- 
mations. We are left with A^ physical parameters (say {0i, . . . ,4>n}) which exactly equals 
the number of parameters in a set of A^ 0(2) matrices. We then vaguely expect that the 
general 2A r -symmetry set could decouple at least into A^ independent elementary sets, each 
consists of no more than two gauge dimensions {N,D} discussed in details in section IIA. 
Interestingly, this expectation turns out to be a rigorous result obtained through a lemma 
introduced in the Appendix which confirms the diagonal factorizability of any general 
0(2N) matrix into A^ 0(2) blocks by four O(N) independent rotations. In this manner, for 
a general (non-zero) set {0x> ■ ■ ■ ,4>n}, the initial 2A^ symmetries are all broken by BC com- 
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pactification, in the result of which there are N distinctive gauge field KK towers in 4-dim 
of distinctive mass spectra + ~r} (with i — 1 to N). Again, this factorization can be 
visualized geometrically as follows. Given at the onset two arbitrary orthonormal eigenbases 
({Nd,o U iVjv i0 } and {Nd^r U N^^r}) in 2iV-dim spaces, one can rearrange internally the 
basis vectors within four iV-dim subsets ({Nd,o}, {iV^o}, {Nd^r}, {Nn )7T ji}) to divide the 
initial space into N mutually orthogonal 2-dim planes. Each of these planes can be identified 
by two alternative bases made of the fore-mentioned rearranged vectors. For i-ih plane, the 
two bases are off one from the other by angle fa, which characterizes the corresponding KK 
mass spectrum. In the special case <pi = for some % G [0, N], the corresponding z-th plane 
can be further decoupled into 2 independent directions, one of which generally represents a 
preserved symmetry as shown in section III Al 

From the proof presented in the Appendix, we in particular note two important points. 
First, the factorization is unique once the "BC-defining" matrix 0(2N) is given, i.e. the KK 
decomposition spectra are unambiguously determined for the set of the initial 2N Dirichlet- 
Neumann BCs. Second, the fact that iV 2-dim planes obtained in the factorization process 
are mutually orthogonal is an indispensable condition for them to develop iV associated 
independent spectra. Or putting in another order, this statement means: any subspace 
(with known BCs) being mutually orthogonal to the rest can be factored out, and becomes 
a separate problem subject to KK decomposition on its own right. 

Let us now recapitulate our discussion so far on the pattern of symmetry breaking by BCs 
and the resulting spectra in the following limit theorem on gauge symmetry factorizability 
by D-N BCs: 

For a set of S gauge symmetries on a fifth dimensional interval subject to totally 2S 
Dirichlet and Neumann BCs, (i) the total number of independent (extended) gauge field 
towers (and equally of associated mass spectra) in 4-dim is no less than |, (ii) the number 
of unbroken symmetries (and equally of mass spectra with zero mode) is generally given by 
the number of mutually orthogonal gauge fields that have Neumann BCs at both end-points. 

The more quantitative description of this theorem is presented in the table I for the 
situation where the non-abelian recombination (see footnote [30]) does not hold, like in the 
simple original Higgsless set-up [4j studied above. The specific case N = 1, D = 4, N' — 
2, D' = 3 is illustrated in Fig. While the above theorem literally identifies the number 
of 4-dim towers into which the fields' modes are grouped as the result of compactification, 
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TABLE I: Symmetry breaking on interval with Dirichlet-Neumann boundary conditions. 



Total initial symmetries 


S = D + N = D' + N' 


BC distribution 
(# Dirichlet, # Neumann) 

\ / / ill / 


(D,N) y=0 &(D',N') y=7rR 


Assumption 
(without generality loss) 


D> N' > N 

codim({N},{N'}) = codim({N},{D'}) = codim({N'}, {D}) = 


Sector's symmetry 


Completely broken 


Completely broken 


Mixed broken & unbroken 


Sector's dimensions 


D-N' 


N' - N 


2N 


BC type 
(y = Q)-(y = ttR) 


Dirichlet-Dirichlet 


Dirichlet-Neumann 


Mixed 


Mass spectrum 


S (m^O) 


2m+l 
2R 


m i 4>i 
R tvR 


# 4-dim independent towers 


D-N' 


N'-N 


> N 




y=0 y=JiR y=0 y=JiR 



FIG. 5: Gauge symmetry sets before (left scheme) and after (right scheme) some basis trans- 
formations (or factorization). Shaded and empty dots represent gauge fields with Neumann and 
Dirichlet BC respectively. Connected fields are related ("entangled") in their definition. Within 
each scheme, fields being in the same horizontal level are identical. 

it is really about the limit to "entangle" the symmetries by Dirichlet-Neumann BCs. In 
case of a single extra dimension, one can at most combine two initial gauge directions to 
produce a single (though extended) tower of vector fields, which we see in 4-dim. Evidently, 
this "hybrid" tower receives contribution from both initial 5-dim gauge fields, and this 
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observation is crucial for the modes' orthogonality and normalization as we discuss next. 
When more extra dimensions are allowed, we will see in section HVl that more fields can be 
"entangled" . 



III. FROM KK MODE ORTHOGONALITIES TO EFFECTIVE LAGRANGIAN 
IN 4-DIM 

In this section we will construct the 4-dim effective Lagrangian that results from inte- 
grating out the fifth dimension. The integration gives rise to surface terms, that a priori 
do not automatically vanish because fields with defined BCs are not the same on the two 
boundaries. Rather, the nullifying of these terms sets constraints on "qualified" BCs through 
the general variational principle on the action. In section 1111 Al we examine the KK mode 
orthogonality from both onset BCs and KK decomposition. In section 1111 Bl we perform 
the explicit normalization of extra dimensional wavefunctions and thus obtain the effective 
gauge boson self-couplings. 



A. Orthogonality between KK modes 

We first consider the (real) KK wavefunctions g^ k \y),g^{y) corresponding to modes k, I 
of an initial gauge field G(x,y) in 5-dim {dyg^ k > = m 2 k g^] d 2 g^ = m 2 g">). From the 
integration by parts 

[\ {k) dlg^dy = g^d y9 V ~ (d y 9^W + J^^g^dy (19) 

follows the wavefunction overlap 



(m 2 - m 2 k ) 



o 



nR 

(20) 



9 (k) 9 (l) dy = [g^d y gV - (dj%®) 

o 

For k = I this equality trivially holds, but for k ^ I, if we impose the orthogonality between 
{g^}, this is translated into a condition on the BCs 

[g( k \dJ»)-(dJ%% R = (21) 

In practice, one may have BCs on either G or d y G (but not both) at an end-point, or 
else their BCs are not known at the other end-point (like the Dirichlet-Neumann set-up of 
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previous section), so a priori the orthogonality condition (|21|) is not evidently met by itself in 
interval compactification. Actually, the subtle cancellation holds only collectively between 
all fields in each "entangled" sector as we will see now. It is by the way worthwhile to note 
that (J21j) is equivalent to the completeness relation given in j^] (because both have same 
root in the hermiticity of dy in a finite interval), which is required to annihilate the E 4 term 
in longitudinal gauge boson scattering amplitude (see also fbl Il5 ] 1 . We will come back to 



this assertion in the next section. 

From the previous analysis, any gauge symmetry set with Dirichlet-Neumann BCs can 
be factorized into decoupled subsets of one gauge dimension and "entangled" subsets of two 
dimensions. The decoupled subsets (e.g. ■y(x,y) of neutral sector in Eq. (JHJ)) have as BCs 
one of three configurations listed in Eq. so the orthogonality for decoupled sector is 
obviously satisfied. As a direct check for the KK decomposition (0), we indeed have 

r R ■ ky . ly r*R . {2k + l)y . (21 + l)y r«* ky ly 

L Sm R Sm R dy ~Jo Sm ^R— Sm ^— dy ~Jo cos 7r oS i^~^ 

(22) 

because k,l 6 N. If one repeats this direct check for KK decomposition of field D(x,y) (or 
N(x,y)) give in Eq. (JTTJ) 

(i + A)v cos (s + A)v^^o 

one finds apparently KK modes of D(x,y) (or N(x,y)) are not orthogonal to one the oth- 
ers. This can also be explained by the fact that orthogonality condition (|2"T]) does not 
hold for each of D(x,y) and N(x,y) as suspected. This seems to be a little counter- 
intuitive to the standard KK decomposition procedure. Either in continuous [12| or lat- 
jlfl 17,0, IS, 20, 21, [2^ (see also (23I) extra dimension models with presence of 



ticized 



some brane/bulk scalar VEVs, the orthogonality of gauge bosons modes is quasi-automatic 
because these are eigenmodes of a hermitian matrix to be diagonalized. In the current sit- 
uation, as D(x,y) and N(x,y) belong to an entangled sector and specially share the same 
4-dim tower {N^ (x)} , we should not have looked at each of them individually. Rather, let 
us check the KK mode orthogonality and simultaneously derive the effective Lagrangian of 
the sector {D(x, y), N(x, y)} as a whole. We again concentrate on the abelianized part of 
the action and set all field fifth components to zero, leaving non-quadratic interactions as 
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well as normalization factors for the next section's effective couplings discussion. 

£(4) = V- r R J (_\ F N(k) pN{l)nv _ 1 pD{k) pD{l)nv _ 1 pN{k) F N{l)hn _ \pD{k) pD{ l)^\ 

kitz -A) V 4 4 ^ 2 5fl 2 5fl J 

= e (-^(^^(^ + l(^)( l ^)m^ Nii) ^)) (24) 

x r dy (cos ^ + ^ cos (fa + ^ + sin ^ + f V sin (fa ±^ 
JO \ ttR TlR TlR nR J 



where the 4-dim linearized field tensor Fj$(x) = d^Nj^^x) — d u N^(x) and we have used 
the explicit solution Evidently, the integration over the fifth coordinate produces a 

Kronecker's delta Sk,i, thus enforces the orthogonality between modes N^ k \x) in 4-dim. 
From Eqs. it is clear that this orthogonality can be achieved only when all 5-dim 

fields of an entangled sector are taken into consideration, because indeed the sector's unique 
4-dim tower is part of all of them. Such visualization might also serve in favor of the 4-dim 
"extended" tower viewpoint adopted for each independent sector. 

Alternatively, we now can see more directly the role of BC on the KK modes' orthogonality 
from another perspective. This time we work with the Dirichlet-Neumann BCs, but not the 
expilicit decomposition solution. When the extra dimension is integrated out to obtain the 
effective Lagrangian, we note that only the cross-terms containing the derivative over fifth 
coordinate (d y N^ e F 5m ) can generate surface contribution to the 4-dim action 

10 

dyNpfay) 



S (4) D ~\[ R dy (F»(x,y)F N5 ^y) + F°(x,y)F D ^(x,y) 
{Nftfay) D^(x,y)} 



R 

ttR 

dy{Nn(x,y) Dn(x,y)} 




Because all gauge fields obeying the Laplace's equation in the bulk, we can replace dy in the 



second term of (|25|) by some 4-dim squared mass M 2 , and then this term's orthogonality 
follows in exactly the same way as it does for the pure 4-dim kinetic terms considered 
earlier. In contrast, the surface term could present some unwanted contribution (which 
might spoil the mode orthogonality), and in model-building practice should be set to zero 
by appropriate choice of BCs. Indeed, with Dirichlet-Neumann BC, the surface term of 
effective action ()25|) vanishes identically at both end points and thus it leaves no destructive 
effect on the orthogonality of KK decompositon in 4-dim. 
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B. Normalization and effective gauge boson self-couplings 



Let us now complete the construction of effective Lagrangian by normalizing the extra 
dimensional wave functions. As we have already seen, the mode diagonality concerns all 
symmetries altogether within each independent sector, and normalization should be pro- 
ceeded in the coherent way. That is, one should not normalize N and D modes separately 
basing on the expansion (fTTj) . 

For the decoupled sector (one of three configurations in Eq. JIJ), the normalization factor 



is for all modes, with the only exception (being JI/ttR) of the massless mode in the 

Neumann- Neumann configuration. For the entangled sector (|Sjl. the normalization is given 
by the integration given in the sector's effective Lagrangian ()24j) (putting I = k) 

\ ~i —1/2 

cttR ( [k-K + (f))y (lir + (p)y . (kn + <j))y . (In + (j))y x 



r™ / (kir + <py [lir + cpy . 

/ ay cos cos h sin 

Jo \ ixR 7lR 



■ sin • 



nR 7iR 



j (k=i) v nR 



(26) 



It is interesting to note that the normalization factor is independent of both mode num- 
ber and twist angle (p. As an illustration, we are now ready to write down the complete 
(normalized) KK expansions (|17j) . (|18|) of the original Higgsless model 

S7 C°) (x)+gy/2^ 7 (m) (x) cos ^-sV2£ raez Z™ (x) cos (f +^)y 



B{x,y)~ - " — — — - — r: z 

A 3 L , R (x,y) = 



gW(")(aO+g'v^^ m ^ 7^Wcos^ + ^g2 +g ,2^ mgzZ (m) (g)cos{( m + ^ ) ^ } 



-kR^y^ (27) 



,1,2^ , A _ E me z wl ' 2{m) W c °*m+TR)y-j} 



and the respective effective Lagrangian (with the SU(2) complete field tensor F^ N (x,y) 
8mA%(x, y) —duAl^x, y) +ge abc A h M (x, y)A c N (x, y) and 5-space-time Lorentz indices M, N 
0,...,4) 



dy 



4 J ° V a=l a=l J 

(<^ 1(0) )W^Z^ (28) 



g sin (j> cos (jyy/ g 2 + g /2 / 1 1 1 

7Ti?(^ 2 + 2#' 2 ) \0 20-tt 20 + 7T / 



=(^^ 1 (°))iy 2 ^ 7 {0)iy + 



vri?(^ 2 + 2^' 2 ) 
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where the dots denote the triple and quartic gauge interactions, which can be found by 
plugging the expansions (|27j) into the effective Lagrangian. Whereas, we have explicitly 
specified the zero mode triple interactions W m W m Z^ and W m W m ^ 0) in Eq. l|2Bj). 
If (V^ 1( °) =F iW 2 ^)/\/2 are to be identified with SM charged bosons W ± , then the ratio of 
these couplings presents the SM weak mixing angle 

g sin cos <fi\f g 2 + g' 2 ( 1 1 1 



g' \<f> 20 -7T 20 + 7T 



cot W (29) 



\/(j 2 +2ij' 2 

Since tan0 = — — , this gives a relation between 5-dim couplings g,g'. We can also 

straightforwardly compute other effective couplings between gauge field higher modes. In 
particular, the self- interaction of W^^W 2 ^ 7^ is found to be 

' /o r R a Py (m-n)y 

g W l(m) W 2(nU(p) = g V 2 / COS — COS ~ ^p+m-n.O + <->p-m+n,Q (SO) 

Jo K K 

This effective coupling signals an "accidental" fifth-momentum conservation, a result of the 
precise canceling contribution from the initial SU(2)l and SU(2)r to W towers. This raises 
a possibility (which is highly model-dependent) that, due to symmetry entanglement by 
BCs, pertubative unitarity could be achieved in some carefully constructed models when 
the criterion (}2~T]) is not held separately for each initial field. 

Though matter fields (Higgs scalars and fermions) can be introduced at either end-points 
or throughout the bulk, it is not easy to make this original Higgsless set-up in 5-dim flat 
space-time cope simultaneously with other SM constraints, 
this model take into account the warped geometry factor 
(see also next section). To encompass these directions, a more general study of gauge space 
factorizability in interval compactification is underway and will be presented elsewhere 



LtsyJ. More realistic versions of 
or more extra dimensions [^] 



IV. PERSPECTIVES ON GAUGE SPACE SYMMETRY MIXING IN HIGHER 
DIMENSIONS 

By now, the consideration of section 111 Bl has led to the conclusion that in 5-dim space, 
one cannot "entangle" more than two gauge symmetries by however-sophisticated Dirichlet- 
Neumann BCs. A natural question to ask is whether this limitation on gauge mixing by 
BCs can be somewhat lifted in higher-dim space (that is, can we mix more symmetries with 
more dimensions?). The final answer is affirmative, and in this section we will demonstrate 
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this general trend through an explicit, but systematic and simple construction of symmetry 
mixing in any dimensions. 



A. Few simplest extensions 

Let us first consider the simplest extension of the above 5-dim set-up: we now work with 
3-dim gauge problem {Gi, G 2 , G 3 } in the 6-dim space (i.e. two extra dimensions) with the 
coordinates denoted as (a;^, j/i, 3/2)- The extra dimensions are all finite with length ttR (i.e. 
< 2/1,2/2 ^ ttR). There exist different ways to define the boundary conditions on this extra 
dimensional square. Here again, the observation of section Hi Bl can help simplify our choice. 
Along 1-dim interval, say along Oy\ (i.e. y 2 = 0), one can truly mix only two out of three 
gauge bosons {G\, G 2 , G3}. This prompts us to define the now-familiar, but indeed most 
general, Dirichlet-Neumann BCs on the following field sets along Oy\ direction (see also Eq. 



along Oyi 

d v G\ 



2/1 ^ j. 13/1=0 

G 2 \y 1= Q 



^2/l^ll?/i=7r-R — 
G 2 I y 1= irFt. = 



where 



(G'A 

G> 2 



cos 0i — sin 0i 
sin 0i cos 0i 
1 



^ (gA 

G 2 (31) 
/\G 3 ) 



In the above equation, {G[, G 2 , G' 3 } is just an auxiliary field set (an alternative basis of the 
same 3-dim gauge space) which serves to specify the BCs, and the gauge field G 3 represents 
the "disentangled" symmetry along Oy, for which we do not need to identify the BC. Below, 
we will explain this point after we obtain the decomposition solution for the gauge fields. 
Similarly, another set of BCs can be imposed along Oy 2 in the same logical pattern 



along Oy 2 : 
dy 2 G 2 \y 2=0 

G3 1^2=0 



fi n"\ 
u y2^ r 2\y2=^R 



where 



G'l 



3 \y 2 =TrR 







( G'l N ^ 

G 2 

\ G 's ) 



( 



1 







cos 02 — sin 02 
\ sin 02 cos 02 J 



(gA 

G 2 
\GsJ 



'32) 



The decomposition solution of each of (pUJ), (|3*2^l separately has been readily obtained in Eq. 
(JTTJ). However, to accommodate both (pTT|) . (jH21) we need to add in certain multiplicative 
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factors h(yi) and 1(1/2) 



G 1 ~ cos(^ + ^)y x l(y 2 ) 
G 2 ~-sin(^ + ^) yi l(y 2 ) 



(33) 




(34) 



where mi,m 2 are all integers. After consolidating G 2 in (|33|) and (|34j) we can solve for 
h{yi), Z (2/2) and unambiguously obtain the general decomposition of the gauge fields from 
our 6-dim set-up 



There are a number of interesting observations we can make by looking at the above de- 
composition. First, the general solution ()35|) clearly indicates that the composite KK tower 
of gauge boson in 4-dim is synthesized from all three initial gauge fields G± : G2, G3 
in 6-dim. That is, in other words, in higher dimensions we can indeed mix/break more than 
two symmetries by general boundary conditions. Second, when <ft y = <ft z = <p u = 0, it comes 
with no surprise that in this model, G2, G3 do not have non-trivial zero mode, and we ex- 
pect that the associated symmetries are completely broken in 4-dim effective picture. This 
is because in Eqs. flSTj) . (|3^j). G 2 ,G 3 do have Dirichlet BC at certain boundaries. 

Third and most amazingly, in the transition from the disconnected decompositions G\ — 
G 2 and G2 — G3 (J3~3|) . (J33j) to the composite solutions G± — G2 — G3 f|33|) . gauge symmetries 
G\ and G3 have been "entangled", though we did not start out with any explicit BCs that 
mix these two symmetries. Mathematically, this "chained-entanglement" is manifested by 
the fact that the identification of G2 in (}3*3*j) . (jMj) unambiguously determines both coefficient 
h(yi) and l{y2)- Had we imposed another D-N boundary condition of the type (}3*T]) or (}3*2*|) 
on Gi — G3 sector, we would have ended up generally with no decomposition solution at 
all by the redundancy of BCs on the underlying (differential) motion equation of fields (see 
the 3-extra dim. set-up below). In a more visual description, the first BC entangles G± 
with G 2 , the second BC entangle G 2 with G 3 , and in the result all three are automatically 
inter-connected. 



G 1 (x tl ,y 1 ,y 2 ) 



G 2 {x fl ,y 1 ,y 2 ) 
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Now we can also see better the reason why in the above construction we did not specify 
the BCs for G 3 along yi, and G\ along y 2 , respectively in (}3"T]) and (J3"2Jl . Explicitly, Eq. 
(|3*2Jl states the BCs on G 2 , G 3 only along y 2 , but implicitly, Eq. (|3*2j) also forcefully requires 
that the analytic dependences of G 2 and G 3 wave functions on coordinate y± be identical, 
otherwise BCs (|32j) simply do not hold. (In Eq. (|34j) above, we used the same expression 
h(yi) in both G 2 (yi,y 2 ) and Gs(yi,y 2 ) just to enforce this implicit effect of (J3"2~j) boundary 
conditions). Furthermore, Eq. (j31|) explicitly imposes BC on G 2 along y\. Thus, through 
the virtue of G 2 , the combination of implicit effect of BC (}3"2*|) and explicit effect of BC 
(j31j) can unambiguously determine the analytical behavior of G3 along y\. Similarly we can 
determine the analytical dependence of G\ on y 2 without needs to impose the corresponding 
explicit boundary condition. The implicit power of BCs (13 (|32j) obviously is effective 
only for differential equations on multiple variables, and this gives rise to the "chained- 
entanglement" feature observed here in the higher-dimensional space. 

This striking feature of boundary conditions on the gauge symmetry can be employed 
further to determine the extent of gauge symmetry mixing in any number of space-time 
dimensions. But before doing that, let us quickly discuss a 7-dim set-up (i.e. 3-extra dim) 
to clearly show that gauge mixing/entanglement may indeed be destroyed by over-redundant 
BCs. Assume that we impose the following D-N BCs on 3-gauge symmetries in 7-dim 



along Oy\. 

d yi G 2 \ yi= o 

^3 1 1/1=0 



^yiG 2 \y 1 =nR — 

G' 3 \y 1=7T R = 



where 



G 2 



' 1 

cos 0i — sin 0i 
t sin 0i cos 0i j 



^ (gA 

G 2 (36) 
\Gs) 



along Oy 2 : 



G 



1 I V2 



= — G'dy^^R — 



9y 2 G3\y 2 =0 — dy 2 G^\y 2=nR — 



where 



( G'l \ 



Gn 



V <% J 



( 



\ 



sin 02 




COS 02 

1 

— sin 02 cos 02 j 



^ (gA 

G 2 



;s7) 



along Oy 3 : 



dy,,Gi 



V3=0 



G 



f) C" I 
u yz^"i Ij/3=t-R 

r""\ — n 

^2 \y3=nR — u 



where 



I G'l' \ 

G 2 
V G% J 



( cos 03 — sin 03 \ 
sin 03 cos 03 



V 











1 



(gA 

G 2 (38) 
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The separated solutions corresponding to each of the above BC set are 

G2 ~ cos(^ + &) Vl I G x ~ - sin(^ + ^)y 2 J G x ~ cos(^ + ^ 
G 3 ~ - sin(^ + { G 3 ~ cos(^ + ^)y 2 \ G 2 ~ - sin(*f + ^)y 3 

It is not difficult to convince ourselves that, indeed the above three separated solutions 
cannot be consolidated into a single one of the type (|3"5j). i.e. no decomposition solution 
exists if we use altogether three D-N BC sets (J5E)l .(j!r7 jl .(j38 )) . Again, this is because BC (JUS)) 
entangles G 2 with G3, ()37j) entangles G3 with G x , and at this point G\ and G2 should have 
been already mixed by virtue of G3. Since we here pressed on to impose (jHBj) which once 
more directly mixes G\ and G 2 , this new BC apparently is redundant and in conflict with 
the effect of (|37)) . 

The Dirichlet-Neumann BCs of the types (J31|) . (}3"2*{) have been argued in literature to be 
consistent with action's variational principle (e.g. jj for 5-dim, |9] for higher dimensions) 
by showing that the non- redundant D-N BC set is sufficient to nullify all surface terms in 
the variation of the action SS. Consequently, non-redundant D-N BC set can be properly 
obtained by minimizing the action (and there may be more than one qualified/alternative 
non- redundant BC sets depending on the action parameters' values 2, Q|)- As thus, by 
applying the variational principle on action, we generally would not expect to be able to 
generate all BCs (e.g. (l36|) . (J3TJ) . (jSEj) ) in redundant set because those BCs are more than 
enough/needed (i.e. redundant) to nullify the surface terms. The reason here again is the 
implicit power of each BC on all coordinates in higher dimensions, that creates conflicting 
effects on gauge fields wave functions if all BCs of redundant set are simultaneously imposed. 



B. General perspectives: S symmetries mixed in d extra dimensions 

We are now ready for the general case of S symmetry degrees of freedom in (d + 4) 
space-time dimensions. It may be very useful if we visualize each symmetry as a dot, and 
each set of ID- IN BC (e.g. (JSTIj) or (|3"7jl or ([38))) that entangles two symmetries as a link 
connecting the two corresponding dots. In this picture, to avoid the above redundancy of 
boundary conditions, there should be only one possible (whether direct or indirect) path to 
travel between any two dots (along the established links) (FigureEJ). If there are two distinct 
paths connecting dot Gi to dot Gj, this just means gauge fields and Gj are entangled by 
two independent ways using the given sets of BCs (Figured). From the discussion of the 
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FIG. 6: Three of possible "non-redundant" ways to "entangle" the four gauge symmetries 
G\, G2, G3, G4. Each link (or arrow) represents a set of 1D-1N boundary condition that mixes 
the two corresponding connected symmetries. Non-redundancy means that there is only one path 
connecting any two symmetries. The number of non-redundant links equals (S — 1) in graph with 
S dots. 




FIG. 7: Three of possible "redundant" ways to "entangle" the four gauge symmetries 
Gi, G2, G3, G4. Redundancy means that there are more than one distinct paths connecting two 
symmetries. For e.g., in the first graph, two distinct paths connecting G\ and G3 are: (G± — G3) 
and (G\ — G4 — G3). The redundacy will destroy the decomposition solution of the gauge fields. 

last section, this "multiple entanglement" would destroy the mixed decomposition of gauge 
fields by the redundancy of those boundary conditions. According to this "non-redundancy" 
rule, in a graph with S dots, we can establish (S — 1) "non-redundant" links, each represents 
a 1D-1N BC set in our convention. With these (S — 1) links, we also note that no dot (or a 
set of dots) is disconnected from the rest in the graph, which keeps the non-factorizability 
of the decomposition solution of the entire gauge fields' set. 

Next we embed this "chained entanglement" into the (rf + 4)-dim space-time (i.e. d extra 
dimensions). Each 1D-1N BC set along 1 extra dimension, say Oyi, will contribute two 
possible factors (cos(^ + ^)yi and sin(^ + ^)yi) to the gauge fields' wave functions. 
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So in case of d extra dimensions, the composite KK tower can accommodate/mix up to 2 d 
initial gauge symmetries {G\, . . . , G 2 d}. More specifically, the corresponding decomposition 
solution looks like 



G 1 (x„ Vl , . . . , y d ) = £ g'" cos(^ + %) Vl . . . cos(^ + %)y d 

mi,...,m d £Z 

G 2d (x„ y h ...,y d )= £ ff (mi -- m - ) W + %)vi ■ ■ ■ sm(^ + %) Vd 

mi,...,m d £Z 



(39) 



Combining the observations obtained in this section, we finally come to the following 
conclusion: 

In the space with d extra finite dimensions, it is possible to mix up to S < 2 d gauge 
symmetries by imposing (S — 1) sets of 1D-1N boundary conditions. 

There is one more subtle but interesting point underlying this conclusion that we need 
to address. That is, can all sets of BCs employed be totally independent? In general, 
the answer is negative, simply because if they were all different, then the "entangled" KK 
spectrum would be characterized by up to (2 d — 1) different twist angles {</>«}. But as we 
have seen in Eq. (}3*9"j) that the most extensive "entangled" spectrum can contain only d 
twist angles, so clearly BC sets cannot be all different in general. Below is a more rigorous 
analysis of this issue. 

In the case of two extra dimension, we now have some basis to expect that we may mix 
four gauge symmetries {Gi, G 2 , G 3 , G 4 } (but not only three as we did in Eq. (|35|)). Here we 
attempt to do this with three different sets of 1N-1D BCs (i.e. <f>n ^ <pi 2 ^ <p2 a priori) 

G 1 , N [0^^\2)]G 2}D ; G^ N [0 {vi ^ 2 \nG^ G ljN [0^ (2)}G 3 , D] (40) 

where the short-hand notation Gi : N[0^ yi ^ 11 \2)]G 2 ^ denotes the familiar 1D-1N BC set 
imposed on Gi,G 2 along ^-direction with twist angle 4>n- The decomposition solution of 
each of these BC sets separately is 

Gi ~ cos(f + *%) yi | G 3 ~ cos(f + ^) Vl | G l ~ cos(f + ^)y 2 
G2~~ sin(f + \ G 4 ~ - sin(f + *u) w \g 3 ~- sin (f + ^)y 2 

Clearly, when 0n ^ <p\ 2 it is impossible to consolidate the above three solutions into a 
unified one. In fact, we can only do this if <fiu = <pi 2 = <fii, and the unified KK decomposition 



28 



satisfying all three BC sets (pfUj) reads 

= X » (if H- cos (,f + jfr,) 

G 2 (^ )2/l) y 2 ) = - £ sin ([^ + 4j-] Vl ) cos (Q + ^)y 2 ) (41) 

*(».,»,») = - E >W - (|f + Afc) sm ([^ + Afc) 

», ») ^ E ^"'W ^ (if + ^to) ^ (if + ^to) 

Indeed, all four initial symmetries {Gi, G2, G3, G4} was non-trivially mixed in 6-dim to 
produce a single (composite) KK gauge field tower 4-dim. The analysis also 

points out an important feature: for the existence of a unified decomposition solution, only 
one BC twist angle can be associated with each extra dimension, though a same set of 1D- 
1N BCs can be imposed repeatedly on more than one set of fields. (In above e.g., when 
0n = 012, the same BC set indeed was imposed on both (Gi — G 2 ) and (G 3 — G4)). 

Finally, we note that the construction of gauge symmetry mixing in higher dimension 
presented here is not the the only possible or most-efficient one, because there are more 
possible ways to define BCs (e.g. on surface instead of on a direction) with more dimensions. 
This construction however has quite simple and interesting entanglement structure because 
it is built on the limitation of symmetry mixing in one extra dimension found in section 
III Bl The construction further yields exact solutions (|35|). (|4ip. which are sufficient for 
our current primary goal to show the explicit non-trivial "chained entanglement" of up 
to 2 d gauge symmetries in (d + 4)-dim space-time. A general treatment of gauge fields 
decomposition in higher dimensions by any imposition patterns of Dirichlet- Neumann BCs 
however lies beyond the scope of this work. 

V. CONCLUSION 

In this work we have investigated the symmetry breaking of arbitrary gauge group by 
general Dirichlet-Neumann boundary conditions imposed at two ends of a fifth dimensional 
interval. Such boundary conditions induce the factorization of the initial gauge symmetry 
space into subspaces of only one or two dimensions. Those subspaces are mutually orthogonal 
to one the other, and thus each gives an independent KK tower of gauge fields in 4-dim. 
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In gauge space, each unbroken symmetry direction form such one-dimensional "decou- 
pled" subspace, which is necessarily represented by a vector field having Neumann boundary 
conditions at both interval's ends. Each two-dimensional "entangled" subspace is char- 
acterized by a twist angle <f), which gives the relative orientation between field sets with 
defined BCs at end-points. This angle determines the mass spectrum of the associated 4- 
dim tower, and can be tuned to produce phenomenological light gauge boson as its lowest 
mode. Further, in the 4-dim effective picture, while this angle has no effect on the modes' 
diagonality and normalization, it controls the non-Abelian triple and quartic gauge boson 
self-interaction. 

In an intact 5-dim viewpoint, though the group symmetry breaking scheme makes sense 
locally at end-points, it does not at any other points in the bulk. Matter fields with definite 
charges under end-groups then can be placed at end-branes to calibrate brane/bulk coupling 
ratio, or else the fifth coordinate can be integrated out to produce a full 4-dim effective 
picture. 

In higher dimension, the imposition of Dirichlet-Neumann BCs on pairs of gauge fields 
along different finite dimensions creates an very interesting "chained entanglement" of the 
symmetries. This entanglement is also very strict in its nature that it tolerates just a 
minimum (non- redundant) sets of 1D-1N BCs. We hope to come back with a more general 
analysis of gauge symmetry breaking on higher and non-flat intervals in future. 
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APPENDIX A: A LEMMA ON MATRIX FACTORIZATION 

In this appendix, we will prove a lemma, which constitutes the formal ground for the 
factorizability of gauge symmetry space by Dirichlet-Neumann presented in section IHBI 

Lemma: Any general orthogonal matrix 0(2N) can always be brought into the block- 
diagonal form (of N 0(2)-blocks) by four separate and independent O(N) rotations, two of 
which act on the right and the other two act on the left of the original 0(2N) matrix. 



30 



In expression, this means, given a general 2N x 2N orthogonal matrix O 




, one 



can always find four independent O(N) matrices A,B,C,D for which the following equality 
holds 

St ^ 




/ 




ci 
c 2 







CN 



-si 
-s 2 








s 1 
s 2 











s N 



ci 
c 2 










(Al) 



cn / 



y -s N 

where c, = cos0j, s» = sin^j. Evidently, the matrix on the right hand side has the block- 
diagonal form (of N 0(2)-blocks) after some permutations of columns (and rows). 

Proof: Given the matrix O G 0(2N), our objective is to identify four matrices 
A,B,C,D G O(N) that satisfy Eq. (jAlj) . Because O is an orthogonal matrix, 00 T = 
T = ^2Nx2N which implies relations between M, N, P, Q 



( 



\ 



MM T + NN T 


MP T 


+ NQ T \ _ 


J-WxJV 


PM T + QN T 


ppT 


+ QQ T ) ~ 


V 



L iVxiV 



M'M + P T P 


M T N + P T Q 


N T M + Q T P 


N T N + Q T Q ^ 



(A2) 

Let us define A and C T as the N x N orthogonal matrices that diagonalize the symmetric 
matrices MM T and M T M respectively, i.e. 

\ 



A{MM T )A 7 



V 



C T (M T M)C 



(A3) 



Because MM' + NN T 
and C also imply 



[ NxN = M T M + P T P (see Eq. JS2J), the above definitions of A 



A(ATAT T )^ 



V 



C J (P J P)C 



(A4) 



4/ 



Next, let us define B and D T as the orthogonal matrices that diagonalize PP T and N T N 
respectively (note that KK T and K T K have same set of eigenvalues for any square real 
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matrix K) 



B(PP T )B q 



(J 



V 



D T {N T N)D 



(A5) 



And since QQ T + PP 



T 



l NxN 



Q 1 Q + N 1 N, in place of flMj) now we have 



B(QQ T )B 1 



(A 



\ 



\ 



D T (Q T Q)D 



(A6) 



We first consider the non-degenerate case where q 7^ for every % ^ j. Then the 
matrices A, C in (jA3|) and B, D in (jA5j) are uniquely defined. In consequence, from 
(|A3|) follows that the general real N x N matrix M is diagonalized by A and C, i.e. 
(AMC) ~ diag(ci, C2, . . . , cat). Similar conclusions can be drawn from combination of (jA4j) 
and (jA5|) . or ()A3|) and ()A6|) . so altogether we have 



\AMC\ 



c i 



\BQD\ 



(A7) 



V 



\BPC\ 



\sn\ j 



Next, it follows from the relation MP T + NQ T = (see J£2|0 that 



(A8) 



(9) 



= A{MP T + NQ T )B T = (AMC)(C T P T B T ) + (AND) (D T Q T B T ) 
{AMC){BPC) T + (AND)(BQD) T = (AMC)(BPC) + (AND)(BQD) = 

because both (BPC) and (BQD) are diagonal (jA7IA8|) . After explicitly expanding the 
matrix product on the left hand size of (jAlj) 




AMC 


AND 


BPC 


BQD 



(10) 



and using (|A7J) . (|A8jl . (JOJ) we indeed obtain the equality (jAlj) . 

For the degenerate case (where q = Cj for some i j), all orthogonal matrices A, 5, C, .D 
can only be determined up to some sub-rotation within each degenerate subspace. Due to 
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this ambiguity, (|A3|) does not necessarily imply that (AMC) be a diagonal matrix (and 
same for (BQD), (AND), (BPC)). However, as the degeneracy pattern is identical for 
(|A3|) . (jA4|) . (jA5|) . ()A6|) we can still pick simultaneously a set of A, B, C, D, for which all four 
matrices (AMC), (BQD), (AND), (BPC) are diagonal. In the result, in this case too, the 
equality (jAl|) is satisfied. 

In the Dirichlet-Neumann physical system considered in section Hi Bl the 2N x 2N orthog- 
onal matrix O presents the relation between two sets of IN gauge fields with defined BCs 
at y = and y = ttR respectively. The N x N orthogonal matrices A,B,C,D implement 
the allowed basis transformations within sets of N gauge fields of the same (Dirichlet or 
Neumann) BC type. The equation (jAl|) then asserts that such 2A^-dim system can always 
be factorized into N two-dimensional sub-systems (each is characterized by an 0(2)-rotation 
angle (pi), whose KK decomposition is presented in section Hi Al In addition, we specially 
note that (as it is evident from (|A3|) . (|A4|) . (|A5|) . (|A6|0 the basis rotations characterized by 
A, B, C, D do not have any effect on the set {0i, . . . , 4>n}- Those angles are the only relevant 
parameters encoded in (and unique to) the initial set of BCs. 
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